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Abstract 

For non-Abelian tensor gauge fields of the lower rank we have found an alternative 
expression for the field strength tensors, which transform homogeneously with respect 
to the complementary gauge transformations and allow us to construct the dual 
Lagrangian. 
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1 Introduction 



There are many interesting approaches to formulating the higher-spin field theories and 
tensor gauge field theories. The Lagrangian and S-matrix formulations of free massless 
Abelian tensor gauge fields have been constructed in [HElEllllElEllTllHllQ], [IDl flT] - 
The problem of introducing interactions appears to be much more complex and there has 
been important progress in defining self-interaction of higher-spin fields in the light-cone 
formalism and in the covariant formulation of the theories [I2l [131 El US, [lEl [TTl [THl UHl 
[20] . The main idea is to introduce self-interactions using iterations: starting from the 
free quadratic Lagrangian for the higher-spin field one should introduce a cubic, quartic 
and possibly higher-order terms to the free Lagrangian and then check, whether the thus 
deformed algebra of the initial group of gauge transformations still forms a closed algebraic 
structure in covariant formulation or whether the Lagrangian remains Lorentz invariant in 
the light-cone formalism. 

There has been important progress in the development of interacting field theories in 
anti-de Sitter space-time background, which is reviewed in [2TI |22| [23] and is of great im- 
portance for the development of string field theory. It should be noted that self-interaction 
of higher spin fields is naturally generated in string field theory as well [251 [26l [281 [27] . 
From the point of view of quantum field theory, string field theory seems to contain an in- 
finite number of nonrenormalizable interactions, that is a nonlocal cubic interaction terms 
that contain an exponential of a quadratic form in the momenta [50] . 

The concept of local gauge invariance allows one to define the non- Abelian gauge fields 
[31], to derive their dynamical field equations and to develop a universal point of view on 
matter interactions as resulting from the exchange of spin-one gauge quanta. Therefore it 
is appealing to extend the gauge principle so that it will define the interaction of gauge 
fields which carry not only non-commutative internal charges, but also arbitrary spins [32] . 
For that purpose one should define extended non-Abelian gauge transformations acting 
on tensor gauge fields and the corresponding field strength tensors, which will enable the 
construction of a gauge invariant Lagrangian quadratic in field strength tensors, as in 
Yang-Mills theory. The resulting gauge invariant Lagrangian defines cubic and quartic 
self- interactions of charged gauge quanta carrying a spin larger than one [32[ [33], [31] . 

Here we shall follow the construction described above which is based on the direct 
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extension of non-Abelian gauge transformations [32l [33l Recall that in these publi- 
cations it was found that there exists not one but a pair of complementary non-Abelian 
gauge transformations acting on the same rank s+1 tensor gauge field ^^Ai a^- These 
sets of gauge transformations 6 and 6 are defined in [321 [33l [M]. Considering the first set 
of gauge transformations 6 one can construct infinite series of forms Cg {s = 1,2, ..) and 
C'g (s = 2, 3, ..) which are invariant with respect to the first group of gauge transformations 
6 

5C^ = s = l,2,.. ^4 = s = 2,3,.. 

and are quadratic in the field strength tensors G^^^^^^^ This construction of invariant 
forms was based on the fact that field strength tensors G1j^^ Xi...Xs transform homogeneously 
with respect to the gauge transformation d. Therefore the gauge invariant Lagrangian 
describing dynamical tensor gauge bosons of all ranks has the form [321 [33l [311 135] 

oo oo 

C = Y1 9sC-s + 9s^s ■ 

s=l s=2 

A natural question which arises in this respect is connected with the possibility of a 
similar construction, now for the second group of complementary gauge transformation 
5. More specifically the question is, can one construct "complementary" field strength 
tensors which transform homogeneously with respect to the 67 And if yes, then 

to construct corresponding invariant forms, the Lagrangian C and to find a possible relation 
between the Lagrangians C and C. 

The answer that we found for lower-rank tensor gauge fields is given in fl3.10p and 
f l5.2ip . These new field strength tensors transform homogeneously (13.111) with respect to 
the second group of complementary gauge transformations d and allow us to construct 
invariant forms £2 and £3 presented in (13.121) . Thus we have two Lagrangian forms C and 
C for the same lower-rank tensor gauge fields. The natural question which arises at this 
point is to find out a possible relation between these Lagrangian forms. We have found 
that the dual transformation (I3.14p maps C into the Lagrangian C. It is not yet known 
if this construction of complementary field strength tensors G and of the corresponding 
invariant forms can be fully extended to higher-rank tensor gauge fields. In the last section 
we suggested a possible solution of this problem, but shall leave this extension for future 
studies. 
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2 Complementary Gauge Transformations 



In the recent papers [32l [33l [34] the non-Abehan tensor gauge fields are defined as rank- 
(s + 1) tensors 

AU,...xS^), 8 = 0,1,2,... (2.1) 

and are totally symmetric with respect to the indices Ai-.-A^. A priori the tensor fields 
have no symmetries with respect to the first index /i. This is an essential departure from 
the previous considerations (yet see [H]), in which the higher-rank tensors were totally 
symmetric [21 [5l [H [9] . The extended gauge transformation 6^ which acts on non-Abelian 
tensor gauge fields of rank s + 1 ^^Ai...As(-^)' ^ ~ 0,1,2,... is defined by the following 
relationiil: 

5^A; = d,c + ...., 

kA^.x. = d,Cx,x. + •••• (2.2) 



The transformations ^^^^Ai As(^) form an infinite-dimensional gauge group Q, on which 
one can define field strength tensors G^,^ Ai...As- The field strength tensors G'^,^ Ai...As trans- 
form homogeneously (13.91) and allow the construction of two infinite series of gauge invariant 
forms Cs (s = 1, 2, ..) and C'g {s = 2, 3, ..). These forms are quadratic in field strength ten- 
sors and the Lagrangian describing dynamical tensor gauge bosons of all ranks has the 
form [331 EH 

£ = £i+^2A + i?24 + -, (2.3) 
where Ci is the Yang-Mills Lagrangian. It had been found that one can select the coupling 
constants g2 and g'2 so that the free part of the Lagrangian C = Ci + 92(^2 + ^'2) exhibits 
gauge invariance with respect to enhanced gauge transformations 5^ which we shall call 
"complementary". It has the following form [3l] : 

M^,^=5a.< + ..., (2.4) 
~^vAUiX2=9xXx.+9>^2VX + - 

"''The gauge parameters ^.^^^x^ totally symmetric tensors. The full transformation is given in (j2.5p . 
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This symmetry appears in addition to the extended gauge transformations 6^ (12.21) . Two 
famihes of tensor gauge parameters {^} and {77} have a common Yang-Mills subgroup 
which is described by the scalar parameters = rj"' . It is instructive to compare these 
transformations. The transformations and 5^ do not coincide and are complementary 
to each other in the following sense: in 6^ the derivatives of the gauge parameters {^} are 
over the first index fi, while in 5^ the derivatives of the gauge parameters {rj} are over 
the rest of totally symmetric indices Xi...Xs so that together they cover all indices of the 
nonsymmetric tensor gauge fields ^^^i As('^) (I'^call that these tensor gauge fields are not 
symmetric with respect to the index /i and the rest of the indices Ai...As). 

If one considers the sum of complementary gauge transformations 6^ + 6^ acting on free 
and totally symmetric Abelian tensor gauge fields then one can find that it is equivalent 
to a gauge transformation defined in the hterature [Il[2l[3llll[5l[6l[7l[8l [9l [ID], but without 
any restrictions on the gauge parameters. They are also in the same spirit as the gauge 
transformation of free Abelian tensor gauge fields with "mixed symmetries" considered in 
The tensor gauge fields ^^^i Xsi-'^) appear to be more general because their index 
permutation symmetry does not correspond to any given Young diagram. 

For non-zero values of the coupling constant g the full transformation 6^ (12. 2p has the 
following form |32l [331 [M] : 

SA; = {6^% + gf^^'AX, (2.5) 



It was important to know the complementary gauge transformation (12. 4p for non-zero 
values of the coupling constant g as well. It appears that its unique form can be fixed by 
the requirement that 5^ should form a group, and the full transformation (12.41) takes the 
following form [3l] : 

~Sr,A-^ = {S-'d, + gf^'^'ADrf, (2.6) 
~5vAl^, = (5"'5a, + gf^'AlJr,';, + gf^'^'Al^^rf, 
SvAXx, = iS'^'d.^+gf^^'AlJr,"^,^ + (S'^'d,, + gf^^'Al^rj^,^ + 

+9r\A^,xA. + AUA. + ^A,A.< + ^A.A,< + ^^A.A,^")- 
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It forms a closed algebraic structure (see the last section and Appendix A ) 

[ 5^,4] ^mAiA2...a, = - ig k^f^>'i>'2->~s (2-7) 
with the same composition law for the gauge parameters as for the transformation 6f 

C=hx] (2.8) 

CaiA2 = [V^XXiXi] + [^Ai,XA2] + [VX2,XXr] + [?7AiA2,X], 

This means that (12.51) and (12.61) can be considered as "complementary" representations of 
the same infinite-dimensional gauge group Q with algebra (12. 8p |34j . 

3 Complementary Field Strength Tensors 

The field strength tensors Xs transform homogeneously with respect to the transfor- 

mations (12. 5p 



SiG% = gr'^Gle (3.9) 



Xp 



but inhomogeneously with respect to the complementary gauge transformations 5,, (12.61) . 
The natural question which arises in this respect is the following: do there exist "com- 
plementary" field strength tensors G^j.Ai a^ which transform homogeneously, now with 
respect to the 5^ ? And if yes, how can one construct new invariants ? The answer to the 
above questions is affirmative and we shall present the form of the G^^^a ^/!li/Ap 
the corresponding invariants. We shall define field strength tensors as follows: 

G% ^ G% = d,Al - d^Al + gr'^ 4 Al, (3.10) 



G1iu,X — '^li^Xv ~ ^i^^Xp + df^^'i ^p + "^v )) 

G1u,\p = 7j{ ^^^i.^Xup + ^%X " ^txp) + fi'/'*'"' ^l. {^\up + ^puX ~ ^txp) + 



— d,y{A1^p + A'^p^x — A'^xp) + 9/°''"^ i^xpp + "^ppx ~ ^JIap) } 



The complementary field strength tensors are antisymmetric in their first two indices and 
are totally symmetric with respect to the rest of the indices. The symmetry properties of the 
field strength tensors ^ >^p ^^main invariant in the course of this transformation. 

As one can show by direct computation, they transform homogeneously with respect to the 
complementary gauge transformations 5^ (12.61) § 

~SvG';. = 9r'K^v' (3-11) 



abc( /-~fb „c I /^b „c , rib „c i /~ib 



S,G%,xp = gm G'.uM^'^ + G',u.xril + G'.uX^ + G^.t^v )• 

The form of these transformations is identical with the one for the field strength tensors 
Ai...As given by the formulae (13.91) . This simply means that the invariant forms can 
be constructed in the same way as for the transformation 5^ in [32l [33] . They are and 
L.2 and are quadratic in G^i^Xi .Xs'- 

£{A) =C,+ g,{C2 + 4) = - + (3.12) 

+g2{ - -^G°^u,xG1u,x ~ '^G°^^G°^^, xx + 

"T ii.V,X^ iiX,V "T iLV,V^ ilX.X "T 2 /^^.f^J 

Thus we have two Lagrangian forms O^Al) in (12. 3p and O^Al) in (I3.12p for the same lower- 
rank tensor gauge fields. They are fully invariant with respect to the corresponding gauge 
transformations (12. 5p and (12.60 

bi.L{A) = 0, Sr,jC{A) = 0. (3.13) 

The natural question which arises at this point is to find out a possible relation between 
these Lagrangian forms. 

First of all one can see that the definition of the field strength tensors G'^^^ x G'^^^ xp 
in (I3.10p is the same as for the field strength tensors G'^^^^ x ^"^^ G^^^^ xpy if defines dual 
fields as follows: 

^"'^ ^ (3.14) 



Afj,ux — ^(yAxpu + Au^x ~ A^ 



puX) 



§See the next chapter for the derivation of these formulas. 



Then 




(3.15) 



and the Lagrangian C{A) in 03.121) is mapped into the Lagrangian C{A) in fl2.3p 



C{A) 



C{A). 



(3.16) 



Therefore the above transformation ( 13.14^ can be considered as a duahty transformation 
which allows us to map the Lagrangian C into the Lagrangian C One can also define the 
inverse dual transformation as 



It has the property that A{A{A)) = A and ^(^4(^4)) = A and therefore the dual map is 
one-to-one. 

4 Gauge Transformation of Field Strength Tensors 

We shall compute here the variation of the field strength tensors G^^, ;^ and G^^^^xp under 
the complementary gauge transformation 5^ (12.61) in matrix form. We have 

Sr,Gpu,x = d^{d^rix - ig[A^, Vx] - w[Axu, v]} - 9u{dpr]x - ig[A^, Vx] - ig[Axp-, r]]} 



A. 



A 



(3.17) 



Ap^yx Axpu ~\~ Ai/pX' 



igidpV - iglAp, v],Axu] - ig[Ap, duVx - ig[Au, Vx] - ig[Axu, v]] 
ig[Axp, dyt] - ig[A^, r]]] - ig[dpr]x - ig[Ap, r]x] - ig[Axp, v]:A^] 
-ig[dpAu - dyAp - ig[Ap, Ay],i]x] - 
-ig[dpAxu - duAxp - ig[Ap, Axu] - ig[Axp, AJ\,r]] = 
-ig[Gpu,x ,ri] - ig[Gpu ,Vx\ 



(4.18) 



and for the 6„G' 



V^liu,Xp 



'a 



we get 



^rjGpu^Xp ~ 



dp{duVxp - ig[Au, Vxp] - ig[Axu, Vp\ - ig[Apu, Vx]} 
W^dplAxup + Ap^x - A^xp, v] 



(4.19) 
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- ig^d^lAxpp + Ap^x - A^xp, Tj] 

- 'f'di^idpV - w[Ap, v],Axup + Ap^x - A^xp] 

- ig[Ap, duTjxp - ig[A^, Vxp] - ig[Axu, Vp] - wlApu, Vx] - ^[Axup + Ap^x - A^xp, v]] 

- ig^[Axp,p + Appx - Apxp, d^v - ig[Au, v]] 

- ig[dpVxp - ig[Ap, r]xp] - ig[Axp, r]p] - ig[App, r]x] - ^[Axf,p + Appx - ApXp, v],Au] 

- w[dpVx - ig[Ap, vx] - ig[Axp,, v],Ap^] - ig[Axp, d^r]p - ig[A^, r]p] - ig[Ap^, r]]] 

- ig[dpVp - ig[Ap, Vp] - wlApp, ri\,Axu] - ig[App, d^r]x - ig[Au, rfx] - ig[Axu, v]] = 
= -ig[ Gp^^xp ,??] + [Gpv,x ,Vp] + [Gpu.p ,Vx] + [Gpu ,?7ap ]■ 

and we arrive at the result (13.111) . 

5 Extension to High-Rank Tensors 

It is important to find out the complementary gauge transformation 5^ acting on higher- 
rank tensor gauge fields. This transformation was known up to the tensor gauge fields of 
rank three and was presented above by the formula ( 12. 6p [34j. Below we shall present the 
transformation acting on a rank-4 gauge field. It is presented in a matrix form because 
it is much easier to use for algebraic calculations. The transformation is: 

^■nApX^_X2X3 = "^XiVpXiXa + "^XiVpX-iXi + "^XaVpXiXi " 

- ig[Apx, , VX2X3] - ^g\Ap\^ , ??a3aJ - ig\Apx-, , Vx^x^ - 

- ^g\A\^x^ + Ax.,Xr,VpX:^ - ig\Ax^x-i + Ax^x^^^px^ - igXAx^x-^ + Ax.,x2^r]px^ - 

- ig\ApXrX2.rix.^ ~ %g\Apx^x■,■^Vx.^ - iglApx^Xa^Vx^ - (5.20) 

- 2 ^^[^^1^2 ^3 + ^AaAaAi + ^AgAiAa, ^m] " ^^[^MiAaAs , ^] , 

and should be considered together with (12. 6p . The corresponding field strength tensor is 
defined by the formula 

~ 1 2 

GpvMX^Xi = V^{-(j4Aii/A2A3 + ^A2i^AiA3 + ^A3iyAiA2) ~ '^ApXiX2X3} (5.21) 

1 2 

~ ^flg (^Ai/iA2A3 + ^A2AtAiA3 + ^A3^tAiA2) ~ '^ApXiX2X3} 



1 1 

~ ^5'[^A3^i, l^{^XxuX2 + ^A2;^Ai) — lj^-^uXxX2] 



- w\ 


_2(^AimA2 


~\~ ^A2/iAly 


1 2 ^^'^1-^2 1 




- w\ 


Iji^XifiXz 


+ ^A3AtAi> 


1 


^X2V. 


- w\ 


_2{^X2nXz 


+ ^A2AtA3y 


1 . 


Ax,u. 



and transforms homogeneously. The duahty transformation (13.141) will take the form 

^flXi = ^Ai/x; 

^mAiA2 = |(^Ai/iA2 + ^A2mAi) ~ |^mAiA2 (5.22) 
^mAiA2A3 = |(^AiAtA2A3 + ^AsmAiAs + ^A3^tAiA2) ~ |^/iAiA2A3 

and tells us that 

G ^u^\^\^{A) = G ^y^\^\^{A) . (5.23) 

It is a natural extension of the transformation fl3.15p and most probably will extend to all, 
properly defined, higher-rank complementary field strength tensors 

G';,:.,Ai...A,(^) = G^i.,Ai...A,(^) 

where the dual fields (13.141) . fl5.22p are defined as follows 

4ai...A. = ^(^AiM...A. + •••• + ^A.mA.-i)-^^A.Ai...A. s = 1, 2, (5.24) 

Therefore it seems that we shall have the duality map also for the higher-rank invariants 



We shall leave this extension for the future studies. 

It is a great pleasure to express our thanks to Thordur Jonsson for stimulating discus- 
sions and his kind hospitality of one of us (G.S.) in the University of Iceland where part of 
this work was completed. The work of (J.K.B.) was supported by the Icelandic Research 
Fund. One of us (G.S.) would like to thank Takuya Tsukioka for pointing out the mistake 
in the gauge transformation of 5A^x-^\^. This work was partially supported by the EEC 
Grant no. MRTN-CT-2004-005616. 
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6 Appendix A 



Let us prove that a commutator of two 5^ transformations can be expressed as a similar 
gauge transformation, and therefore gauge transformations f l2.6p form a closed algebraic 
structure. To make the calculation more transparent let us express the transformation law 
(12. 6p in a matrix form: 

^r,A^u = duVfi - ig[Au, Vfi] - igi^fiu, v] 
SnAf,i,x = duVfiX - iglAu, Vfix] + dxVfiy - wl^x, Vfi^] - 

- i9[A^„y,r]x\ ~ ig[Af,x,Viy] - i9[Ax,y,Vii] -igi^uX^Vf^l -w[A^uX,v], (6-25) 

where A^^ = A^j^^L"-, A^^x = ^^x^"" ? = L"-^"". The commutator of two gauge 
transformations acting on a second-rank tensor gauge field is: 

[Sri, 6x]Ai,^ = 5r, i-ig[A^, X^^ - ig[\u, x]) - 

- 4 {-ig[A,Vti] -ig[Ai,u,v]) 

= -ig { du{[v, Xt,] + [Vi^i X]) - w[Au, ([??, Xm] + [^M' x])] - iglAf^u, [v, x]] } 
= -ig { dyCi, - ig[A^, Q ~ ig[Af,u, C] } = -ig k^i^f 

and is again a gauge transformation with gauge parameters C", which are given by the 
following expressions: 

C=[V,X], Ciy=[V,Xu] + [v>y,X]- 

The commutator of two gauge transformations acting on a rank-3 tensor gauge field is: 

4]^M^A = 5r, i-ig[A^, Xfix] - w[Ax, Xt^u] - ig[Af,u, Xx] - ig[Af,x, Xv] - 

- ig[A,yx, Xm] - Wl^xu, X^l] - ig[Ai,i^x, x]) - 

- K i.~w[^y^ Vi^x] - ig[Ax, Vf^u] - ig[Af,u, Vx] - iglA^^x, r]y\ - 

- igi^vx, Vp\ - ig[Axu, Vp\ - ig[Kvx, ??]) 

= -W{ du{[r], x^lx] + Xx] + [?7a, Xm] + [^M, t]]) 

- igi^u, {[t1; Xma] + Xx] + [r]x, X^l] + [Vi^x, rj])] 
+dx{[r], Xi^u] + [Vti, Xv] + [Vu, xA + [Vt^v^ v]) 

- ig[Ax, ([r?, Xiiv] + Xv] + [Vv, Xm] + [Vi^v, v])] 
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- igl^tiu, ([??, x\] + [??A, x])] - ([??, xA + [vu, x])] - 

- w[A^x, ([??, Xti] + [Vi^, X])] - iglAxu, {[v, Xm] + [^m' x])] - igl^t^ux, [v, x]]} 
= -ig { dyCfjiX - i9[Au, Cma] + ^aC/^z^ - ig[Ax, C^,u] - ig[A^,u, Ca] - ig[A^,x, Q - 
- ig[A,yx, Q - ig[Axu, Qt] - w[Af,uX, C] } = '^c^A'^A, 

where 

C = [V, C], C. = [V, ^ + [^., Ca = [V, U] + [Vu, 6] + [Vx, C] + [^vA, e]- (6.26) 

It is also instructive to consider the transformation properties of the dual field A^^x in 
f l3.14p under the transformations 6rj. It takes the following form 

SriA^i^x = d^rj^x - ig[Af,, r]yx] - w[A^u, Vx] - ig[Af,x, Vv] - ig[A^,uX, v] (6-27) 
and coincides with the transformation law 6^Af^,yx 
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